INTRODUCTION
Massey products were introduced by W. S. Massey in [Ma] . (We review the definition and some basic properties in Section 2.) Massey products were first used in topology where usual cohomology cup products would not detect some linking properties of knots but Massey products would. (See for example [Mo, page 98] or [GM, .) Further interest in Massey products arises as an obstruction to the "formality" of manifolds over real numbers. In the case of compact Kähler manifolds, formality formalizes the property that their homotopy type is a formal consequence of their real cohomology ring. (See [DGMS] .) We treat Massey products also as obstructions to solving certain Galois embedding problems.
Let p be a prime number. Let K be a field which we assume contains a fixed primitive p-th root of unity ζ p . Let G K be the absolute Galois group of K. Let C • = C • (G K , F p ) denote the differential graded algebra of F p -inhomogeneous cochains in continuous group cohomology of G K (see e.g., [NSW, Chapter I, §2] ). For any a ∈ K × = K \ {0}, let χ a denote the corresponding character via the Kummer map K × → H 1 (G K , F p ), i.e., χ a is defined by σ(
In the work of M. J. Hopkins and K. G. Wickelgren [HW] , the following fundamental result was proved. (By a global field we mean a finite extension of Q, or a function field in one variable over a finite field.) In [MT] we extend the result of Hopkins-Wickelgren to an arbitrary field K of characteristic = 2, still assuming that p = 2.
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Thus we see that this hypothesis is both necessary and sufficient for embedding abelian extensions of degree p 3 and exponent p into a U 4 (F p )-extension. (See Section 3 for more detail.)
In the case when p = 2, Corollary 1.4 was also proved in [GLMS, Section 4] for all fields K of characteristic not 2. (See also [MT, Section 6] .)
Let us now recall briefly how Theorem 1.1 is established in [HW] . Let p = 2 and K be a field of characteristic not 2. In [HW] , the authors construct for each a, b, c ∈ K × , a K-variety X a,b,c , which detects when a triple Massey product χ a , χ b , χ c is defined and contains 0. More precisely, the variety X a,b,c has a K-rational point if and only if the triple Massey product χ a , χ b , χ c is defined and contains 0 (see [HW, Theorem 1.1] ). The authors then establish a local version of Theorem 1.1 by using the non-degenerate property of the cup products and the indeterminacy of Massey products. Now assume that K is a global field and consider a, b, c ∈ K × such that χ a , χ b , χ c is defined. By applying a result of D. B. Leep and A. R. Wadsworth in [LW] , the authors show that the splitting variety X a.b,c satisfies the Hasse local-global principle (see [HW, Theorem 3.4] ), and then the result follows from the local case.
In our paper we also use the local-global principle but our method is different from the method used in the paper [HW] . Let p be any prime, and let K be a field containing a primitive p-th root of unity. Let a, b, c ∈ K × such that the triple Massey product χ a , χ b , χ c is defined. Now instead of constructing a splitting variety for χ a , χ b , χ c , we use the technique of Galois embedding problems to detect the vanishing property of triple Massey products. Namely, χ a , χ b , χ c vanishes if certain kinds of embedding problems are solvable. This is true because of a result of W. G. Dwyer. We then use Hoechsmann's lemma to translate the problem of showing the solvability of embedding problems to the problem of showing some degree 2 cohomological classes vanish. Then we establish a local-global principle for the vanishing of the cohomogical classes (see Lemma 4.1). Theorem 1.3 then follows from its local version. This being said, our proof also provides another proof for Theorem 1.1 in the case p = 2.
The structure of our paper is as follows. In Section 2 we review some basic facts on Massey products. In Section 3 we discuss embedding problems. In Section 4 we provide a proof of Theorem 1.3 assuming Lemma 4.1. In Section 5 we use Poitou-Tate duality as one of the main tools to establish the technical Lemma 4.1.
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REVIEW OF MASSEY PRODUCTS
In this section, we review some basic facts about Massey products, see [MT] and references therein for more detail.
Let A be a unital commutative ring. Recall that a differential graded algebra (DGA) over A is a graded associative A-algebra
with product ∪ and equipped with a differential δ :
(2) δ 2 = 0. Then as usual the cohomology H • = ker δ/imδ. We shall assume that a 1 , . . . , a n are elements in H 1 .
of elements of C 1 is called a defining system for the nth order Massey product a 1 , . . . , a n if the following conditions are fulfilled:
(
is a 2-cocycle. Its cohomology class in H 2 is called the value of the product relative to the defining system M, and is denoted by a 1 , . . . , a n M .
The product a 1 , . . . , a n itself is the subset of H 2 consisting of all elements which can be written in the form a 1 , . . . , a n M for some defining system M.
When n = 3 we will speak about a triple Massey product.
For n ≥ 2 we say that C • has the vanishing n-fold Massey product property if every defined Massey product a 1 , . . . , a n , where a 1 , . . . , a n ∈ C 1 , necessarily contains 0. Now let G be a profinite group and let A be a finite commutative ring considered as a trivial discrete G-module. Let C • = C • (G, A) be the DGA of inhomogeneous continuous cochains of G with coefficients in A [NSW, Ch. I, §2] . We write H i (G, A) for the corresponding cohomology groups. Definition 2.2. We say that G has the vanishing n-fold Massey product property (with respect to A) if the DGA C • (G, A) has the vanishing n-fold Massey product property.
Let K be a field. We say that K has the vanishing n-fold Massey product property (with respect to A) if its absolute Galois group G K has the vanishing n-fold Massey product property (with respect to A).
As observed by Dwyer [Dwy] in the discrete context (see also [Ef, §8] in the profinite case), defining systems for the DGA C • (G, A) can be interpreted in terms of uppertriangular unipotent representations of G, as follows.
Let U n+1 (A) be the group of all upper-triangular unipotent (n + 1) × (n + 1)-matrices with entries in A. Let Z n+1 (A) be the subgroup of all such matrices with all off-diagonal entries being 0 except at position (1, n + 1). We may identify U n+1 (A)/Z n+1 (A) with the groupŪ n+1 (A) of all upper-triangular unipotent (n + 1) × (n + 1)-matrices with entries over A with the (1, n + 1)-entry omitted.
For a representation ρ : G → U n+1 (A) and 1 ≤ i < j ≤ n + 1, let ρ ij : G → A be the composition of ρ with the projection from U n+1 (A) to its (i, j)-coordinate. We use similar notation for representationsρ : G →Ū n+1 (A). Note that ρ i,i+1 (resp.,ρ i,i+1 ) is a group homomorphism. 
) if and only if the dotted arrow exists in the following commutative diagram
Explicitly, the one-one correspondence in Theorem 2.3 is given by: For a defining system M = (a ij ) for α 1 , . . . , α n ,ρ M : G →Ū n+1 (A) is given by letting (ρ M ) ij = −a ij .
Corollary 2.4. The following conditions are equivalent.
(i) G has the vanishing n-fold Massey product property.
(ii) For every representationρ :
, for i = 1, 2, . . . , n.
EMBEDDING PROBLEMS
A weak embedding problem E for a profinite group G is a diagram
which consists of profinite groups U andŪ and homomorphisms α : G →Ū, f : U →Ū with f being surjective. (All homomorphisms of profinite groups considered in this paper are assumed to be continuous.) If in addition α is also surjective, we call E an embedding problem.
We call E a finite weak embedding problem if group U is finite. The kernel of E is defined to be M := ker( f ).
Let φ 1 : G 1 → G be a homomorphism of profinite groups. Then φ 1 induces the following weak embedding problem 
Then F/K is a Galois extension, and its Galois group is generated by σ a , σ b , σ c . Here σ a is defined by
The automorphisms σ b and σ c are defined similarly by
where M is as in Lemma 3.1. In fact it follows from ρ 12 (σ a ) = χ a (σ a ) = 1, and
Similarly, one can check that ρ( 
By Theorem 2.3 (or by using directly the hypothesis that ρ is a group homomorphism), we see that
Remark 3.4. Corollary 1.4 will follow immediately from Corollary 3.2 once we succeed in establishing Theorem 1.3 and its local version. 
Proof. See [NSW, Chapter 3, §5, Proposition 3.5.9] . Note that the statement in loc. cit. requires that E is an embedding problem, but its proof goes well with weak embedding problems.
Corollary 3.6. Let E (G) = (α : G →Ū, f : U →Ū) be a finite weak embedding problem for G with abelian kernel M. Let φ i : G i → G, i ∈ I, be a family of homomorphisms of profinite groups. Assume that the natural homomorphism
is injective. Then the weak embedding problem E (G) has a weak solution if and only if for every i ∈ I the induced weak embedding problem E (G i ) has a weak solution.
Proof. The following diagram
is commutative. Now the statement follows from Lemma 3.5.
MAIN THEOREM
Consider the following exact sequence of finite groups
(a 12 ,a 23 ,a 34 )
we get a homomorphism ψ : B → Aut(M). Let K be a global field containing a primitive p-th root of unity. Letρ :
For each prime v of K, let K v denote the completion of K at v. We will fix an embedding 
is injective.
We will prove Lemma 4.1 in the next section. 
be the map induced by the restriction maps. Then we have the following commutative diagram
Proof. See [Mi, Chapter I, Lemma 9.3] and/or [Ja, Lemma 1] . See also [Se, Proposition 8] for the case that S is the complement of a finite set of primes.
We shall apply Lemma 5.1 to S consisting of all primes of K. Now we recall that we have the following exact sequence of finite groups
(a 12 ,a 23 ,a 34 ) (x, y, z) 
Proof. We first describe the action of B := (F p ) 3 on M, i.e., we describe the map ψ : B → Aut(M), as follows. Explicitly, The following lemma is a special case of [DZ, Lemma 3.3] . It is a simple lemma and therefore we also omit a proof. We are now ready to prove Lemma 4.1, and the proof of Theorem 4.3 will then be complete.
Proof of Lemma 4.1. First note that if we consider M ′ = Hom(M, F p ) as a G K -module via the map β : Gal K → B α → Aut(M ′ ), then M ′ is the dual G K -module of the G K -module M. Now by Poitou-Tate duality ( [NSW, Theorem 8.6 .7]), it is enough to show that (3) ker(
Let F = (K sep ) ker β be the smallest splitting field of M ′ . Then Gal(F/K) ≃ imβ ⊆ imα = G, where G is the group defined in Lemma 5.4.
If Gal(F/K) ≃ imβ = G, then by Lemma 5.4, H 1 * (Gal(F/K), M ′ ) = 0. If Gal(F/K) ≃ imβ = G, then Gal(F/K) is of order dividing p, and hence it is cyclic. In this case, it is clear that H 1 * (Gal(F/K), M ′ ) = 0. Thus in all cases we have H 1 * (Gal(F/K), (F p ) 3 ) = 0. Therefore by Lemma 5.1, it implies that (3) is true, as desired.
